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Abstrat
We onsider perturbations of the omplex quadrati map z → z
2
+ c
and orresponding hanges in their quasi-Mandelbrot sets. Depending
on partiular perturbation, visual forms of quasi-Mandelbrot set hanges
either sharply (when the perturbation reahes some ritial value) or on-
tinuously. In the latter ase we have a smooth transition from the lassial
form of the set to some forms, onstruted from mostly linear strutures,
as it is typial for two-dimensional real number dynamis. Two examples
of ontinuous evolution of the quasi-Mandelbrot set are desribed.
Complex dynamis is a well-known soure of beautiful images whih bring
this branh of pure mathematis into attention of wide groups of non-mathematiians,
and provide interesting onnetions between math and art (see, for example
[1℄ and referenes therein). On the other hand, the situation with real two-
dimensional dynamis is more ompliated. There are many examples of artisti
interest ([1, 2, 3℄), however, they may be onsidered as an "island" in a wide
"sea" of other systems without any estheti value.
It is also remarkable that visual patterns given by omplex and real dy-
namis are quite dierent. Mostly based on round strutures, typial Julia sets
of omplex maps are sometimes ompared with "baroque arhiteture", while
analogs of Julia sets and basins of attration in the ase of real maps usually
onsist of quasi-parallel bands, long tongues, and other linear strutures.
However, from the mathematial viewpoint one-dimensional omplex- and
two-dimensional real maps are not ompletely dierent entities: eah 1-dim
omplex map an be onsidered as 2-dim real map by, for example, separating
real and imaginary parts. For example, the simplest nonlinear omplex map
(and the most famous one)
z → z2 + c (1)
1
is equivalent to a real map
x→ x2 − y2 + c1, (2)
y → 2xy + c2, (3)
where c1 and c2 are the real and imaginary parts of omplex parameter c.
In general omplex analyti maps form a partiular subset of two-dimensional
real maps whih satisfy the Cauhy - Riemann onditions. The goal of our study
is to understand what happens in a zone loated in some sense "near" this subset.
We onsider one-parameter family of maps having a omplex analyti struture
for a partiular value of the parameter, and then study properties of the map
when the parameter is lose, but is not equal to this partiular value. Pure
mathematial aspets of this problem have been studied in a number of papers
[4, 7, 8℄, though a general piture is still far from being well understood. In
the present paper we address more informal question of visual appearane of
sets reated by suh maps, and try to see a transition from pure omplex visual
forms to those typial to a real dynamis.
Our starting point is the quadrati map (1). Instead of xing c to onsider a
sequene of orresponding Julia sets we have hosen the Mandelbrot set as the
pattern to perturb. There are two reason for this. One is tehnial simpliity of
this set to alulate, the seond is the wide-spread popularity of the Mandelbrot
set and its role in bringing mathematial ahievements to a more general publi.
There two denition of the Mandelbrot set whih are equivalent for omplex
analyti maps. First, in is the set of c for whih the Julia set of the map (1) is
onneted. Seond, it is the set of c for whih the orbit of the zero-point of the
map (1) does not esape to innity. We take the seond denition to alulate
the (quasi)-Mandelbrot set for real maps, using the name "onnetedness lous"
for the set reated aording to the rst denition. We leave studies of the
onnetedness loi as well as Julia sets for real perturbations of omplex maps
for a future work.
To start our investigations we should x the perturbations imposed on the
quadrati map. Some maps do not show ontinuous transitions to visual pat-
terns of real dynamis, as it an be seen by lose look on the map
x→ x2 − ǫ(y − x)2 + λ1 (4)
y → y2 − ǫ(x− y)2 + λ2 (5)
studied in [5℄. For ǫ = 0.5 this system is equivalent to the map (1) with the
following redenition of variables: x = Re(z) + Im(z), y = Re(z) − Im(z),
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λ1 = Re(c)+ Im(c), λ2 = Re(c)− Im(c). In order to understand what happens
for other values of the parameter ǫ we remind a reader some simple fats from
general theory of two-dimensional real algebras (see, for example, [6℄). To dene
a partiular algebra of this type it is enough to x the square of imaginary unit:
i2 = a + bi, where a and b are real numbers. There are three qualitatively
dierent possibilities:
• If p + q2/4 = −k2 < 0 the resulting algebra is isomorphi to the algebra
of omplex numbers with the imaginary unit J , and the isomorphism has
the form i = q/2 + kJ .
• If p+ q2/4 = 0 the resulting algebra is isomorphi to the algebra of dual
numbers with the ondition J2 = 0.
• If p > q2/4 the resulting algebra is isomorphi to the algebra of perplex
numbers with the ondition J2 = 1.
Sometimes the perplex numbers are alled as double numbers, split-omplex
numbers or hyperboli numbers (in the latter ase two other number systems
are orrespondingly ellipti and paraboli numbers).
The map (4-5) is speially onstruted so that it oinides with the initial
quadrati map (1) for perturbed two-dimensional algebra. If ǫ > 0.25 this alge-
bra is isomorphi to the algebra of omplex numbers, and the Mandelbrot set
for the map (4-5) is nothing else but the "lassial" Mandelbrot set transformed
aording to orresponding linear transformation. For ǫ = 0.25 an abrupt tran-
sition ours, and we obtain and innite band  an analog of the Mandelbrot set
for dual numbers. For smaller c the result is a retangular representing this set
for the algebra of perplex numbers. The abrupt nature of transition for ǫ = 0.25
makes the map (4-5) useless for our present study.
The map (4-5) represents a rather peuliar example, and the other known
map, studied by Pekhman in [7, 8℄ gives us a suess. This map onserves
the meaning of z as a omplex variable with real part x and imaginary part
y, however, it violates the Cauhy-Riemann onditions by adding a linear term
depending on z-onjugate:
z → z2 + c+ az¯, (6)
or, in real variables
x→ x2 − y2 + c1 + ax (7)
y → 2xy + c2 − ay. (8)
In Figs. 1  6 we present several pitures of a part of quasi-Mandelbrot
set boundary in the lower - right quadrant for a from 0.1 to 0.5 with the step
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equal to 0.1. We an see learly how the deviation from the famous struture
of the Mandelbrot set, touhing the set at it outer range for a = 0.1, then
goes deep inside and transform it into the struture typial for real maps. At
a = 0.5 almost all struture remaining from omplex origin of the map under
investigation is washed out.
Qualitatively similar patterns appear for negative a in the same range of |a|,
so we do not present orresponding pitures here.
Figure 1: A part of the "original" Mandelbrot set boundary with no pertur-
bation.
Figure 2: A fragment of quasi-Mandelbrot set boundary with a = 0.1. The
distortion have touhed an outer part of a bulb.
Figure 3: The same boundary for a = 0.2. Linear strutures have been
formed in the outer part of the bulb.
Figure 4: The same boundary for a = 0.3. The bulb have been almost
ompletely destroyed.
Figure 5: The same boundary for a = 0.4. Only remnants of the non-
perturbed strutures are visible.
Figure 6: The same boundary for a = 0.5. Almost all omplex analyti
struture have been washed out.
Finally, we onsider a family of maps whih, to our knowledge, is not studied
previously. It is possibly the simplest way to disturb the map (2-3), though from
the viewpoint of omplex dynamis it looks razy. This map has the form
x→ x2 − y2 + c1 (9)
y → αxy + c2 (10)
and represents a omplex analyti map for α = 2. The rst equation of the real
deomposition of the omplex quadrati map (2) remains unhanged.
We start with an auxiliary map whih has the same equation (9) for the
x-omponent and represent the quadrati map for a disturbed algebra with
i2 = −1 + bi. It has the following equation for y
y → 2xy + by2 + c2. (11)
The properties of the map (9,11) is similar to those for (4,5), and the algebra
beomes isomorphi to perplex numbers for b < −2 showing a sharp hange of
its quasi-Mandelbrot set for b = −2. On the other side, positive b keep the
onsidered algebra within the lass of omplex numbers. The map (9,10) is not
equivalent to (9,11), though, as the fate of a partiular trajetory is typially
determined by its behavior at the range of variables x and y of the order of
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unity,we may expet that it should be a remarkable hange of dynamis for
α being somewhere in the interval (0, 2). Our numerial experiment onrms
these onsiderations. We nd qualitative hanges in the shape of the quasi-
Mandelbrot set for α less than unity. In Figs. 7  10 some of "snapshots" of
the boundary are presented. At the nal piture reated for α = 0.5 we an
see a typial pattern of a real number dynamis. It is also remarkable that
unlike previous ase of the map (6), the real-like features of the map(9,10) do
not propagate from the outer part of the set, but steadily develop in the whole
range of the boundary struture, whih beomes more and more elongated with
dereasing α.
On the other hand, for α > 2 the hange is rather slow and not so interesting
from the viewpoint of visual impression. Even for α = 10 some struture re-
maining from the original Mandelbrot set still survives, though linear strutures
are well developed for this value of α.
Figure 7: A part of quasi-Mandelbrot set boundary for the map (9)  (10)
with α = 1.1. The whole struture is slightly disturbed.
Figure 8: The same boundary for α = 0.9. Bulbs have been deformed, but
not destroyed.
Figure 9: The same boundary for α = 0.7. Bulbs have been deformed into
quasi-linear strutures.
Figure 10: The same boundary for α = 0.5. Bulbs beame elements of linear
strutures.
In the present paper we have studied visual appearane of quasi-Mandelbrot
sets for perturbed quadrati omplex map. Two dierent ases an be dis-
tinguished. In a partiular ase when a perturbed map is equivalent to the
initial one for a perturbed two-dimensional real algebra, the form of the quasi-
Mandelbrot set hange sharply reeting hange in the isomorphi lass of the
algebra. For general perturbations, however, we expet a smooth transition
from omplex to real visual patterns. Two studied in the present paper maps
show this transition learly.
Our present work an be pushed further in several ways. Continuous na-
ture of transition an be used in onstruting "movies" showing how one fratal
struture is replaed by another, whih may make the beauty of fratals dynam-
ial. Another possible appliation of the transition range of parameters found
in the present paper is reation of generalized Julia sets, whih an provide
interesting hanges in their visual patterns. Other possible diretions inlude
non-polynomial perturbations of omplex analytial maps whih have already
been studied in mathematial literature [4℄.
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